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For a function f on R? we consider its Fourier transform Zf and the (integrable)
Cesaro averages J,,f of suitable truncations of Zf, described by the formula
(Farf)Na)=M~4(M—|a|)* - (M—|ay|)" (Ff)(a). We study the speed of the
convergence F ~ %, f— f, (M — o), under a metric that is somewhere between the
L'- and the L*-metrics. In this metric (which is appropriate to problems of pattern
recognition), the distance between two functions is, more or less, the Hausdorff dis-
tance between their graphs. We describe a class of functions f for which the distance
between & ~1.%,,f and fis (M ~1?), the fastest rate of converges one can have for
discontinuous f.  © 2000 Academic Press

1. INTRODUCTION

For an integrable function f on R we define its Fourier transform, 7 f,
and its inverse Fourier transform, & ~'f, by:

(Zf)a) I=(2n)—d/zj df(x) x> g
’ (aeR).

(7 ~'f)a) 2=(27‘c)*d/2J df(x) o —K% @
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If Zf is integrable, f may be recuperated from Zf by the formula
f=7 " Zf In general, # ~'Z f does not exist, but one may consider the
truncations .%,, f where m = (m,, ..., m,) € (0, c0)%, defined by

(yf)(a) if |a1| <’/nln ooy |ad| <’/nda
0 if not,

(Zf )=

and their Cesaro averages %, f(M > 0):

_ M
(Fauf Nay=M~ [ [ (Ff)a) dm, ---dm,,

One then has # 1%, f— f(M — ) in the sense of L'(RY).

Our goal is to study the speed of convergence, where, however, we do
not use the Ll-metric but a less conventional distance concept that
somewhat resembles the Skorohod metric.

The idea behind this approach originates in problems of pattern recogni-
tion. There, typically, f is the indicator of a set X that one wants to
reconstruct (approximately) from Zf or its truncations, %,f. The
L'-approximation mentioned above is sometimes too rough, as %, f tends
to ignore small pieces of X. In such cases, one would prefer uniform
approximation, but % ~1% f and % ~'%,,f are continuous and therefore
cannot converge uniformly to /- What one can do is consider the graph of
F ~1Z,,f (in R?x R) and observe that, for large M, it closely resembles the
set I° '~ obtained from the graph of f by adding all points (x, r) where x lies
in the boundary of the set X and ¢ lies in the interval [0, 1]. If X is not
too wild, for sufficiently large M every point of the graph of # ~'%,,f is
close to I’ r» and vice versa. (Owing to the Gibbs phenomenon, % “lz f
instead of & ~'4,,f will not do.) This idea leads to the introduction of
a metric on a certain class of closed subsets of R?x R, analogous to
the Hausdorff metric on the class of all compact subsets. From this metric
we obtain a pseudometric d, on the set of all bounded functions
on RY To some extent, this d,, behaves like the uniform metric (indeed,
it is equivalent to the uniform metric on the set of all uniformly continuous
bounded functions). On the other hand, in the sense of d, the functions
F ~'F,f tend to fif, say, f is the indicator of a bounded regularly closed
set.

Our main purpose is to study speed of convergence. In Theorem 4.2 we
describe a large class of functions f for which d,,(F ~' %, f. f) = O(M ~1/?)
(M — o). At the end of the paper we show that, for indicators of
nonempty bounded sets, one cannot have faster convergence.
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2. THE PSEUDOMETRIC

Let /'be a bounded function on R’ We denote its graph by I',and define
I'ppi={(x,)eRxR: 1< f(x)},

(2.1)
Ir={(x,1)eRxXR: 1> f(x)}.

(These sets are sometimes called the hypograph and the epigraph of f.) The
extended graph of f,

I, (2.2)

is the intersection of the closures of I, ; and I',. It is also the boundary
of I';; and of I';,. It is a closed subset of R? containing the graph of f.
If / happens to be continuous, /', is the graph of . If f'is the indicator of
a set X = R? then

[,=T,0(0Xx[0,1]), (2.3)

0X being the boundary of X.
For two bounded functions, f and g, on R we define

dy(f, 8) (24)

to be the Hausdorff distance of I rand I ¢» 1.€., the infimum of all positive
numbers r with the property

zel'y=thereis a we I, with ||z —w| <r,
_ _ (2.5)
wel',=thereisa wel  with [z —w| <7,

obtaining a pseudometric d,, on the set of all bounded functions.
It is clear that uniform convergence implies d,,-convergence. For
uniformly continuous functions, the converse is also true. In fact, we have:

LemMa 2.1. Let f, f5, ... be bounded functions on R% let f: RY— R be
bounded and uniformly continuous. Then

dy(fu, )= 0 <= f, —f uniformly.

Proof.  One implication is obvious, as d(f,, f)<|f.—f|« for all n.
Now assume d,(f,, f)—0. Let £¢>0. Choose Je(0,¢/2] such that
|f(x)— f(y)| <e&/2 as soon as x, ye R, ||x— y| <J. For sufficiently large
n, we have d . (f,, f) <6. For such n and for any a e R? there is a b e R?
with ||(a, f,.(a))— (b, f(b))| <0; then certainly ||a — b| <d and | f,,(a) — f(b)]
<, whence | f(a)— f(b)| <e&/2 and |f,(a) — f(a)| <d+¢&2<e. |
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For practically obtaining estimates of d_,( f, g) the following observation
is occasionally useful. Write

BE+D = {(x, ) eRIxR: |x| <1, |4 <1}

and for r>0 put rB“*V:={rz:ze B“*VY} 1If f and g are bounded
functions on R and r >0, then

de(fyg)<r = T,cl,+rB“*Yand I'ycl,+rB“*Y, 26)
I'yely+rBY“*Yand I, cIT,+rB"" = d,(f g) <2

For our results on d,,-convergence of # ~1%,,f to f we need the following
two facts.

LemMMmA 2.2. Let f be a bounded function on R% let aeR? r>0 and put

A= inf f(x), u:= sup f(x).

Ix—al <r lx—all<r
Then for every te(A—r, u+r) we have
(a,t)el;+rB@*h,
Proof. Put B,(a):={xeR?:|x—al <r}. Let te(L—r, u+r). Choose
a number s in the interval [¢—7r, t+r] N (4 «). Then the sets X_ :=
{xeB,a): f(x)<s} and X, :={xeB,a): f(x)=>s} both are nonempty.
There exists a point z of B,(a) that lies in the closure of both X_ and X, .

Choose a sequence x;, Xx,,.. In X_, converging to z and such that
s_:=lim f(x,) exists. Then s_<s and (z,s_) lies in the closure of I,

hence in I';. Similarly, there is an s, >s with (z, s, ) e I',. Thus, (z,s) el
and
(a,1)e(z,8)+rBY DT +rBYD.
Lemma 2.3. Let f, g be bounded functions on R%. Let r>0 and
I,cT +rBY“+Y.

Then

[T, +rBUa+.
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Proof. Let (a,t)e ff. First, take any ¢ > 0. Put

Li=inf{g(z):z€B, s(a)},  pi=sup{g(z): z€ B, ,la)},
B, . ,,(a) being the open ball in R? with center at ¢ and radius r + 2e.

(a, 1) lies in the closure of I, so there is an xe€ R? with |x —a| <e,
t< f(x)+e. There is a (y,s)el, such that |x—y|| <r and | f(x)—s| <7
As (y,s) lies in the closure of I, ,, there is a ze R? with |y —z| <e,
s<g(z)+e Then ||z—al| <r+2¢and t<g(z)+r+2e<u+r+2e

Similarly, ¢ > 4 —r —2¢. Thus, by Lemma 2.2,

(a,t) e T+ (r+2e) B+,

The above formula is valid for all ¢>0. Then, by compactness and
because I, is closed,

(a,t)el,+rB“*D. |

3. THE PROBLEM

Let f be an integrable function on R and let #, # !, %, , %, be as in

m>

the Introduction. Then for all M >0 and a e R? we obtain
(F "l N) =) [ [ flx)eino
R YR
m R
]—[ dx dt. (3.1)
The substitution x =a+ 3, t= Ms yields
7 -1 _ —d y
FFaa=em | ] r(ard)

d
X n (1—|sg )t e * dy ds. (3.2)

Thus,
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where, for all x e R¢,

S(X):=(2n)“’f ﬁ (1—|sg)* x> ds

RY i _1

d
=@~ I [ (s s,

=[] a(xs) (3.4)

the function ¢: R — R being defined by

%—1_?55 it &0,
a(&) =", (3.5)
I if &=0.

Formula (3.4) determines a continuous nowhere negative function S on
R? whose integral is 1.

The subject of our investigation is convergence of # ~'%,,f to f for
bounded integrable functions f. A glance at (3.3), however, shows that it
makes good sense to put the problem more generally. In fact, for any
bounded measurable function f on R? not necessarily integrable, we define
functions f,,, M >0, by

fgla) = jw f<a +Ax4> S(x)dx, aecR? (3.6)

and we will consider convergence of f;, to fas M tends to infinity.
We will frequently use the following estimates.

Lemma 3.1.

0<S(x)<(27)~%  xeR< (3.7)

24>
j S(x) ds <22, r>0. (3.8)
[Ixl =r r

Proof of (3.8). If x=(x;,..,x;)eR?and |x,| <r/dfor k=1, .., d, then
x|l <r. Hence, in the terminology of (3.4) and (3.5),
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d

- jHXH =r Slax) dx = IHXH <r < H

k=1

, d
>([" ot ac)

—r/d

(o)

(o)

>1-d-2[ o(&)de

r/d

a(xk)> dx

o 2
=>1—-d.2 — d
Jr/ar né? :
4d? 2d?
=l—2>1-"— ] (3.9)
r r

For a given function f, in order to show that d . (f3,, f)— 0 (M — o0),
one has to find functions a and f on (0, o) such that a(M)— 0 and
(M) — 0 (M — o), whereas, for all M,

fchff—i—a(M)E(d“), ]:fcffM+ﬁ(M)E(d+l).
Curiously, for « we need no condition on f (except for boundedness and

measurability). In fact, one may always take o(M):=d(Af)"* M~'?,
where

Af:= sup |f(x)—f(y)l.

X, y€ R4
Lemma 3.2. Let f be a bounded measurable function on RY. Then
ffMcff—i—d./AflM*l/ZE(d“) (M=>0).

Proof. Put K :=d./Af. Without restriction, assume that all values of f
lie in the interval [ —34f, 34f7]. Let M >0.
Take a € R?. Putting

= sup{ f(x): [|x —all < KM 12}
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we have f(a+xM ') <u if |x|| < KM'? and f(a+ xM ~') < 1 Af for all x.
Thus, with (3.8),

1
o] o uswdsr] <2 Af> S(x) d

2

Mm =u+ KM,

<,u+ Af

Similarly,
Sarl@)>A— KM =12
where
Jo=inf{ f(x): |x —al < KM ~'7?}.
By applying Lemma 2.2 and observing that f,, is continuous, we find
I, =T, cI;+KM~'"2B@+D ]

We have d,(for, [)<|far—flleo =0 (M — o0) if fis (bounded and)
uniformly continuous. Simple continuity is not sufficient, as is apparent
from a rapidly oscillating function such as x > sin x*(x € R).

The next theorem describes the functions f vanishing at infinity for which
dy(fars f)>0 (M — o0), but without an estimate for the speed of
convergence. (An example is the indicator of a bounded regular open set.)

THEOREM 3.3. Let £ RY— R be bounded and measurable and such that
lim,, _, o, f(x)=0. Then the following conditions are equivalent.

(i) If aeR? and «, BeR are so that a<f<p ae. on some
neighborhood of a, then a < f(a) <.
(1) limy, o dop(fars ) =0

Proof. (i)=(ii). Let ¢>0. In view of Theorem 3.2, Formula (2.6) and
Lemma 2.3 we only have to show that

Iyl +eB“*Y if Mis large enough. (%)

Choose R>0 such that ||x|| <R for every x with |f(x)| > e
Ifae R?and ||a| > R+ 1, then | f(a+ y)| < ie as soon as [|y| <1, so that
for all M

2
M 2

1 1
il sges | Nr(ars)| s de<garifig
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whence
1 2d% 1
@) = f@)| g e+ 1Sl S+
It follows that for M >4 | f| , 2d%~":
(a, f(a)): lall > R+ 1} =Ty +eB@*D. (3.10)
Sm

Cover {aeR“: |a| <R+ 1} by finitely many open sets Uy, ..., Uy with
diameters smaller than ¢. For n=1, ..., N let

s,:=inf{s: f<sae. on U,}.

Let X be the Lebesgue set of f. By a d-dimensional version of [1], 6.C,
far — f pointwise on X. Furthermore, the complement of X is negligible.
Thus, for each n we can choose an x,, in U, n X with f(x,,)> 8/2 and
there is an M, such that f,,(x,) >s,—e¢ for all M > M, and ne{ o N}
Ifae U, and M > M, then (usmg ( )):

fla) <s,< falx,) +e
Thus,
if |a| <R+ 1and M > M., then f(a)<sup {fp(x): [|[x —a| <&} +e.
Similarly, there is an M, for which
if |a| <R+ 1 and M > M,, then f(a) >inf{ f,,(x): |x —a| <&} —e.
If follows from Lemma 2.2 that for all sufficiently large M:
{(a, fla)): lla| <R+ 1} =T, +&B“*". (3.11)

Together with (3.10), this is (*).

(ii)=(i). Suppose aeR% r>0, feR, and f<f ae. on B, (a). Let
&> 0; it suffices to prove f(a)<f+2¢ Choose M so that d,(fy, )<
min{r, ¢} and 2d* | f|| ., < Mre. Then there is a b € B,(a) with | f,,(b) — f(a)|
<e. As f<f ae. on B,(b), we have

BSC dx+ | fl S(x) dx< e,

[l = M7

fub) <

llxll <Mr

whence f(a)<f+2e |
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4. THE CONDITION ON f

A function f'on R? s said to be uniformly locally Lipschitz if the following
is true:

There exist positive numbers /, «, C with the following property:
for every aeR“there is a circular cone X, with vertex a, height
h and angle a, for which |f(x)—f(»)|<Clx—y|, x, ye2,.
(4.1)

LemMA 4.1.  Every uniformly locally Lipschitz function on R is Lebesgue
measurable.

Proof. Let fiRY—> R be uniformly locally Lipschitz. Let ./ be a
maximal disjoint collection of subsets 4 of R? that have the properties:

(1) A is measurable and has positive Lebesgue measure;
(2) the restriction of f'to A is continuous.

Let X be the complement of the union of .o7. It follows from (1) that .o/
is countable, so X is measurable and (by (2)) we are done if it is negligible.
Suppose it is not. Choose a density point a of X. There is a circular cone
2, containing a, and such that the restriction of f'to X' is Lipschitz. Choose
ceR? and r>0 such that the ball B,(a+c) is contained in X. By the
convexity of 2, for every ¢€(0, 1] we have B, (a+¢&c) < 2.

As a is a density point of X, for some ¢€(0,1] we have (m being
Lebesgue measure):

m(Bsr+s\|cH < <r+ |C> > (Ber+s|\c\|(a))

m(Bsr+s|\c\l( )) m(Bsr(a+8c))
m(Ber+eHcH( ) B ((1+8C)).

This is possible only if B,(a+éec)nX has positive measure. But
B, (a+¢ec)=X, so fis Lipschitz on B,(a+ec)n X. This contradicts the
maximality of .. |

THEOREM 4.2. Let f: RY— R be bounded and uniformly locally Lipschitz.
Then

Ao (fs frr) = O(M '), M — 0.

Proof. Take C, X ,(aeR?) as in (4.1). Write 2 :=2,; then every 2, is
isometric to 2. Let r>0 be such that X contains a ball with radius r.
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Because of Theorem 3.2 and Lemma 2.3, it is enough to find a number K
with

chFfM+KM*1/2§(d“) it M>r=2 (%)
We show that this is satisfied by:

diam X
+1>+2d2Af, K,i= =
r

diam ~»

K :=max{K,, K}, K1:=C<

Take ae RY and M >r~2 Choose ce R? so that B,(a+c)<cX,. Setting
0:=r—'M 12 we have 0 <d < 1, whence

By,-ip(a+dc)=Bs(a+dc)c X,
and

|f(a) = fada + dc)

SLEW fla) —f<a+5c+;[>’ S(x) dx
X
| €l S| (Af) S0 dx
2d?

<C<5-diam2+l>+(df)~

VM VM

=K M~

As |a—(a+dc)|| <J-diam X =K, M ~'2, we have (). |

THEOREM 4.3. Suppose X, ..., X are subsets of R? whose union is a ball
B and assume that each X, either is convex with nonempty interior or
has a smooth boundary. Let f: R?— R be Lipschitz on each X, and vanish
identically off B. Then

dy(f, fr) =OM~'2), M- .

Proof. Let X, be the complement of B; then X, has a smooth boundary.
We are done if for every ne {0, 1, .., N} there exist £,, a,>0 with the
property that every point of X, is the vertex of a circular cone that has
height £, and angle «,, and is contained in X,,. It follows readily from the
proof of Theorem 5.3 in [4] that such /4, and «, exist in case X, has a
smooth boundary. If X, is convex and has nonempty interior, choose a
closed ball B,(c) in X,, and let R be the diameter of X,,; for every a in X,
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we see that X, contains the convex hull of {a} U B(c), and thereby a cone
with vertex a, height r and angle arcsin R~!r. |

For indicator functions of bounded sets, Theorem 4.2 is optimal in the
following sense. Let X be a measurable subset of R that is bounded,
nonempty, and let [ be its indicator. Then

dy(f, fu)Z16M "%, MeN.
Proof. By translation invariance we may assume
Xc[0,00) xR, the closure of X contains 0.

Take M eN and 6 >d(f, fyr). As (0,1) lies in the closure of Iy, there
must exist an ae R? with [(0, 1) —(a, fi,(a))|| <J; then certainly |a| <J
and 1— f,(a)<d. If g is the indicator of (0, 0)x RY~! then g<1—7,
whence g,,<1— f,,. By (3.3), applied to g, one sees that

o0

gula) = a(&)de,

— Mo
where « is the first coordinate of a. As —a <, one has

(o)

0> 1=ful@) Zgula)=[" ol de=[" alé)de

From this, it is not hard to obtain MJé%>>10"2, ie., §=10"'M ~12
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